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pairing of G to G’ is defined and the products g;.g; (g1, g2 € G) all have order
two.

The group H*(x, n; G) is isomorphic with the group of homomorphisms
of H,,(1r,.n) into G, and H,(w, n) is isomorphic with . Hence H*(x, n; )
is isomorphic with the group of endomorphisms of «; let d” be the element
of H*(m, n; =) which acts as the identity endomorphism of .

For n > 2, noimp(X) — mpy1(X) is a homomorphism with values in
2(Tns1(X)) and therefore a commutative self-pairing of 7,(X) to mp41(X)
can be found such that a.a = n(a). It then follows that a 8 always
has order two and therefore Sg,_,: Hms(X), n; 7,(X)) — H"**(7,(X)
n; wp+1(X)) is defined and is independent of the particular choice of the
self-pairing. Using-this pairing, we find

THEOREM 6. If n> 2, Sq,—o(d?) = krt2.
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Introduction.'—The wave functions, ¥, describing the possible states*
of a quantum mechanical system form a linear vector space V which, in
general, is infinite dimensional and on which a positive definite inner
product (¢, ¥) is defined for any two wave functions ¢ and ¢ (i.e., they form
a Hilbert space). The inner product usually involves an integration
over the whole configuration or momentum space and, for particles of
higher spin, a summation over the spin indices.

If the wave functions in question refer to a free particle and satisfy
relativistic wave equations, there exists a correspondence between the
wave functions describing the same state in different Lorentz frames.
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The transformations considered here form the group of all snhomogeneous
Lorentz transformations (including translations of the origin in space and
time). Let ¢, and ¢; be the wave functions of the same state in two
Lorentz frames I’ and /, respectively. Then ¢ = U(L)Y;, whet;e UL)
is a linear unitary operator which depends on the Lorentz transformation
L leading from I/ to I’. By a proper normalization, U is determined by L
up to a factor =1. (For all details the reader is referred to the paper of
reference 2, hereafter quoted as (L).) Moreover, the operators U form
a single- or double-valued representation of the inhomogeneous Lorentz
group, i.e., for a succession of two Lorentz transformations L;, L,, we have

U(Lle) = U(L:) U(Ly). ‘ (1)

Since all Lorentz frames are equivalent for the description of our system,
it follows that, together with y, U(L)Y is also a possible state viewed from
the original Lorentz frame I. Thus, the vector space V contains, with every
¥, all transforms U(L)y, where L is any Lorentz transformation.

The operators U may also replace the wave equation of the system. In
our discussion, we use the wave functions in the ‘“‘Heisenberg’’ representa-
tion, so that a given ¥ represents the system for all times, and may be
chosen as the “Schrodinger’” wave function at time 0 in a given Lorentz
frame I. To find ¥, the Schrédinger function at time #, one must there-
fore transform to a frame I’ for which ¢’ = ¢ — #,, while all other coordinates
remain unchanged. Then ¥y, = U (L)¢, where L is the transformation

leading from [ to V. :
" A classification of all unitary representatlons of the Lorentz group, i.e.,
of all solutions of (1), amounts, therefore,.to a classification of all possible
relativistic wave equations. Such a classification has been carried out in
(L). Two representations U(L) and U(L) = VU(L)V~!, where Vis a
fixed unitary operator, are equivalent. If the system is described by wave
functions ¢, the description by

zz = V‘l/z (2.) '

is isomorphic with respect to linear superposition, to forming the inner
-product of two wave funetions, and also to the transition from one Lorentz
frame to another. In fact, if Y = U(L)Y,, then ¢y =" Vyp = UL
Thus, one obtains classes of equivalent wave equations. Finally, it is
sufficient to determine the irreducible representations since any other may
be built up from them. ~

Two descriptions which are equivalent according to (2) may be quite
different in appearance. The best known example is the description of
the electromagnetic field by the field strength and the four vector potential,
respectively. It cannot be claimed either that equivalence in the sense
of (2) implies equivalence in every physical aspect. Thus, two equivalent
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descriptions may lead to quite different expressions for the charge density
or the energy density in configuration space (cf. Fierz,?) because (2) only
implies global, but not local, equivalence of the wave functions. It should
be emphasized, however, that any selection of one among the equivalent
systems or the superposition of non-equivalent systems in any particular
way involves an explicit or implicit assumption as to possible interactions,
the positive character of densities, etc. Our analysis is necessarily re-
stricted to free particles and does not lead to any assertions about possible
interactions.

The present discussion is not based on any hypothesis about the structure
of the wave equations provided that they be Lorentz invariant. In par-
ticular, it is not necessary to assume differential equations in configuration
space. But it is a result of the analysis in (L) that every irreducible wave
equation is equivalent (in the sense of (2)) to a system of differential equa-
tions. For the relation of the present point of view to other treatments of
the subject see reference 11.

In the present note, we shall give, for every representation of (L), a
differential equation the solutions of which transform according to that
representation. We also will discuss in some detail the infinitesimal

.operators which generate the irreducible representations detérmined in
(L), and we shall characterize these tepresentations, and hence the co-
variant differential equations, by certain invariants constructed from the
infinitesimal operators. This is of some interest, because the infinitesimal
operators are closely related to dynamical variables of the system. L.
Garding* has recently shown that even in the infinite dimensional case
one can rather freely operate with infinitesimal transformations. In par-
ticular, it immediately follows from his discussion (although it is not ex-
plicitly stated in his note) that the familiar commutation rules remain
valid. *

1. The Infinitesimal Operators of the Lorentz Group.—The metric tensor
is assumed in the form gu = 1, gu = gn=gs = —1,gu =0 (k £ ) andg¥=
gri. The scalar product of two four vectors a, b will be denoted by {a, b} =
a*b;. Both ¢, the velocity of light, and %, Planck’s constant divided by
2w, are set equal to 1.

The Infinitesimal Operators p, and My. A translation in the x*-direction
is generated by py, a rotation in the (x* — »¥) plane by My, = — My (R, 1 =
1, ..., 4). These operators are Hermitian, and the unitary operators U
which represent the finite Lorentz transformation are obtained by exponen-
tiation; thus U = exp (—iapy) corresponds to a translation by the amount
a in the direction x;. Clearly, p; are the four momenta of the system,
and My, My, My, the three components of the total angular momentum.
The following commutation rules hold (where [4, B] = AB — BA)
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My, Mmn] = 1(@inMin — gemMin + geaMim — ginMim), (3a)
[tr, £ =0 (M, pm] = (gimbr — GemP1)- (3b)
We now define four operators w;, by
o (', w?, W, w*) = (vass, Vaus, V124, Usm), (4a)
Vkim = PxMim + D1 M i + mekl = Minpr + Mmp:1 + Mupnm. (4b)

Note that w, is a ‘“‘pseudo-vector,” i.e., it is a vector.only with respect to
Lorentz transformations of determinant 1. By (3),

(M1, W] = 1(gimr — rmw:) [px, wi] = 0. (5)
It follows from (3) and (5) that the two operators,
P = prpy; W = (Ye)P*™pum = —wiuy, (6)

commute with all the infinitesimal operators M;; and p,. Therefore,
they have constant values (i.e., they are multiples of the unit operator)
for every irreducible representation of the Lorentz group. (The familiar
arguments which establish this for finite dimensional representations can
be carried over to the infinite dimensional case. (Cf. V. Bargmann, re-
ference 5, p. 602.))

W may also be written in the form

W = l/zMuMklpmpm - MkmM'lmpkpl‘ (7)
(This quantity was first introduced by W. Pauli, cf. Lubdnski.5) The
scalar product w*p; vanishes. .

2. Summary of the Results of (L).—(a) For every irreducible representa-
tion the states ¥ may be expressed as functions y(p, £) of the momentum
vector p and an auxiliary variable ¢ which may assume a finite or an infinite
number of values. The momenta p are either all zero, or they vary over
the manifold p*p, = P, with a constant value P. We confine ourselves
to the cases in which p =l=._0, and either P > 0 or P = 0, because the re-
maining cases are unlikely to have direct physical significance.’

() To every inhomogeneous Lorentz transformation y* = Nt + a*
(in vector form: y = Ax + a) corresponds a unitary operator U(L)
defined by

ULW(p, £) = e*1% 21Q(p, A)(A~'p, §), @®
where Q(p,A ) is a unitary operator which may depend on p but affects only
the variable £. The inner product (¢, ¥) is obtained by an integration
over the manifold p*p;, = P and by a summation or integration over the
variable £. ’

(¢) The subgroup of the homogeneous Lorentz transformations which
keep a fixed momentum vector po unchanged is called “little group.”
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(The little groups defined by different vectors p, are isomorphic.) The
unitary operators Q(po, A) (where Ap, = p,) form an ifreducible representa-
tion of the little group and determine the irreducible representation U(L)
of the inhomogeneous Lorentz group.

In all cases the operators M}, have the form Jlol 1 + Sy, where the

o) . : o)
Mu = 1(1’1: o7 — D @) = i(pegy — Digw) b_i;j )

act on the vanables p and correspond to the orbital angular momenta, while

the S;; act on the variables £ and correspond to the spin angular momenta.

Both M;,; and S;; satisfy the commutation rules (3a). Since the M, do
[] 0

not contribute to v, (cf. (4b)), we have .
Veim = PaxSim + P1Smx + PmSki; [Se Pm] = 0, (10)

or, introducing the three-dimensional vector operators,

— — -
S = (Ss, S31, S12);  S" = (S1ay Saw, Sua); P = (pL p% pY); (10a)
— —— — _ o -

w= (w,wwd); w =S w=pS—(XSI).

Clearly, M;, may also be replaced by S;; in the expression (7) for W.

For a fixed momentum vector p, the operators wy are the infinitesimal
generators of the little group. Since w"pk = 0, only three of them are
linearly independent.

3. Classtfication of the Irreducible Representations.—We now turn to a
brief summary of the main results, including the characterization of the
representations in terms of the operators p and w. A more detailed dis-
cussion will follow in the succeeding sections.

The classes found in (L) (§§/ 7, 8) are these:

1. P,. Particles of finite mass and spin s—Here P = m*> > 0. In
the rest system of the particle, the momentum vector has only the one
non-vanishing component p* = =m, hence, by (10a), W = m?S%. The
operator P! represents the square of the spin angular momentum, and
has the value s(s + 1) (s = 0, /s, 1, . ..) for an irreducible representation.
For a given momentum vector there are 2s + 1 independent states. The
representation U(L) is single or double valued according to whether s is
integral or half integral. The lowest cases (s = 0, '/2, 1) correspond to
the Klein-Gordon, Dirac and Proca equations, respectively.

II. 0,. Particles of zero rest mass and discrete spin.—These representa-
tions may be considered limiting cases of the representations P; for m — 0.
Then both P and W are equal to zero, and do not suffice to characterize
these representations. For a given momentum vector, there exist 2 inde-
pendent states if s 3= 0 (corresponding to two different states of polariza-
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tion), and there is only one state if s = 0. Right and left circularly
polarized. states are described by the .operator equations w, = sp;, and
wy, ‘= —Spy, respectively, so that the representation 0, is characterized by
P = 0, waw; = s¥pp;. The lowest cases (s = 0, !/, 1) correspond to the
scalar wave equation, the neutrino equation, and Maxwell’s equations,
respectively.

III. O(E) and 0'(E). Particles of zero rest mass and continuous spin.—
Here, P = 0, W = E2, where E is a real positive number. For a given
momentum vector there exist infinitely many different states of polariza-
tion, which may be described by a continuous variable. The representa-
tion O(E) is single valued, while 0’(E) is double valued.

To construct these representations explicitly, we shall select, in each
case, one among the equivalent sets of wave equations, define a Lorentz
invariant inner product (¢, ¥), and prove the operator relations stated
above. We shall operate in momentum space; this is particularly simple,
because the momenta (but not the codrdinates) are defined by the Lorentz
group, as infinitesimal translations.

4. The Class P,—(a) s = 0. Here, the variable £ assumes only
one value and may therefore be omitted. Consequently, Q(p;, A) = 1
(cf. reference 8), and for the little group the trivial one-dimensional repre-
sentation is obtained. Hence, S;; = 0, and w, = 0. The wave equation
reduces to p*p, = m?; the inner product (¢, ¢) is determined by the norm
(¥, ¥) of a wave function,

W, ¥) = S |¥(p)|%dQ, where d@ = |p*|—'dpldprdp?, (11)

the integral being extended over both sheets of the hyperboloid pFp, =
P = m? The expression (11) is Lorentz invariant, because dQ is an
invariant volume element in momentum space. For the wave function
in configuration space, one finds *

V) = @n)"7 S e Fy(p)de, (12)

where x stands for x!, x2, x3, x%. It is well known that (¢, ¢) cannot be
simply expressed in configuration space, because for the Klein-Gordon
equation the density is indefinite, and the integral over the density in
configuration space coincides with (11) only if ¥(p) = 0 whenever p* < 0.

® s=1'YNwithN=1,2,3,.... For particles of higher spin we
use the equations first derived by Dirac’ in the form essentially given in
reference 8. We use for ¢ the N four-valued variables {3, ..., {» in which
the wave function ¢¥(p; {1, ..., {») is symmetric. We define for every
¢, four-dimensional matrices v,* of the same nature as are used in Dirac’s
electron theory: :

v+ vt =2g%1 (k1 =1,23,4). (13)
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The v with different lower indices v commute. The !, 72, v? are skew
Hermitian, y* is Hermitian. = The wave equations then are

Yo =my (=12 .., N). (14)
1t follows from any of these equations in well known fashion that
oo = toy = m¥. (14a)

The infinitesimal operators of displacement are the p, those of four-di-
mensional rotation the M, = M;; + Si; with M, of (9) and
0 0

Su=Yi X v (& + 1), (15)

where the

Yok = gy (15a)
satisfy the same relations (13) as do the v,*.

The invariant scalar product is
@) =S| Zr: Virityat ... vwde. (16)

In fact, (16) is invariant both with respect to the operators M and also
with respect to the S. The latter condition means that

((1 + 1 eSuY, (1 +ieSY) = W ¥),

up to terms with €2 This formula can be verified by observing that, if
both k and I are space like S; is a Hermitian matrix ahd commutes with
the product of the y*. If either & or lis 4, S, is skew Hermitian, but anti-
commutes with the product of the y% It follows that (16) is invariant
with respect to the proper Lorentz transformations. Its invariance with
respect to reflections, etc., can also be shown.

The absolute sign in (16) is necessary to make it posxtlve definite. We .
now shall give (16) a new form which is based on the set of identities

Bt .. vtn = Y + A, 17)

where 4, is a skew Hermitian matrix involving only the first » of the v*
(and the p). We can prove (17) best by induction: applying p4v,+1* to
(17) gives, by means of (14),

B) et - Y = Wb + Py AW :
= mNY + (= hevitt + P A (B =1,2,3). (17a)

The last bracket is 4,,: it is skew Hermitian and involves only the first
» + 1 of the v so that (17) is established by induction. Settingv = N
in (17). multiplying with ¢ and summing over the { yields
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w;w*ww oo = mY Y YR+ T v*Am.  (17h)
. $

Because of the skew Hermitian nature of A, the last term is imaginary.
Since the two other terms of (17b) are real, they must be equal. As a
result, we can write for (16) also

W) =S Im/p4l~§3|¢l2d9- 1)

At the same time, (18) permits us to give another form to the scalar
product,

W, ¥) = f | pa] —¥1 Z [¥|2dpidpedps, (18a)

which differs from (18) or (16) by the positive constant m~Y. It may bz
worth noting here that the absolute signs in (16), and in the definition (11)
of d2 (or in (18a)), can be omitted in case of an odd N. This makes it
possible to define a simple positive definite scalar product in coérdinate
space by means of (12). In particular, for N =. 1, (16) (or (18a)) equals
the integral of M? over ordinary space. In case of even N (integer spin
s) no simple positive definite scalar product can be defined in codrdinate
space.

It is now established that the solutions of (14) form a Lorentz invariant
set in which a positive definite scalar product (16) or (18a) can be defined.
We shall now determine the representation of §2 to which the solutions
belong and will also calculate the invariants P and W.

In order to define a little group, we choose as momentum p, with the,
components 0, 0, 0, m. The little group then becomes the group of rota-
tions in ordinary space. If we assume that the y* are diagonal, with
diagonal elements 1, 1, —1, —1, equation (14) shows that only those
components of  can be different from zero which correspond to the first.
. two rows of v,. There are 2¥ such components, the rest of the 4" com-
ponents of ¢ must vanish. Even these components will not be inde-
pendent: as a result of the symmetry of the ¢ in the {, all components of
¥ will be equal in which the same number « of the N indices { correspond
to the first row of the v, the N — k other indices to the second row. Since
« can assume any of the values between 0 and N, there are N + 1 such
components. If p4 = —m, the same considerations will hold, except that
the last two rows of vy will play the role which the first two rows play in
case of py = m.

In order to determine the transformation properties of these N + 1 =
25 + 1 independent components under the elements of the little group,
we note that the space like ](t’l give zero if applied to ¥ with a purely time

like p = po.- We need only to calculate, therefore, the effect of the S,
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on ¢. Since, in particular, !/51v,v, commutes with v4, but is not identical
with it, we can assume that it is diagonal and has the diagonal elements
/e, —1/2, /2, —1/a. If the sum of such !/yv,v; is applied to the com-
ponent of ¥ in which « of the {, correspond to the first row, N — « to the
second row, this' component will be multiplied by /ok — 1/o(V — «) =
k — 5. Since k runs from 0 to N. = 25, the My = Spy¢ will run from
—sy to sy. Hence the representation of the little group in questxon is
D®, as was postulated.

Because of (10a), W becomes m?(Sy? + Su? '+ Si?) or, since the Sy,
Ss1, S are the infinitesimal operators of D®, we have W' = m?s(s + 1)
as given® in §3. The value of P is m? because of (14a).

5. The Class O,—(a) s = 0. The corresponding discussion in the

preceding section may be literally applied to this case, with the exception
that m = 0 and that the integral (11) is to be extended over the light- cone.
~ (b) The wave equations can be obtained by setting m = 0 in (14).
‘The infinitesimal operators continue to be given by (9) and (15). The
scalar product must be defined by (18a) because (16) vanishes: for all y.
The invariance of this scalar product follows from the invariance of (18a)
for finite mass because, except at p; = p, = p; = 0, the wave function
is continuous in m.
" The essential difference between finite and zero mass is that, in the latter
case, not only the infinitesimal operators but also the wave equation are
invariant under any one of the operators I', = 7v,!v,%y,%y,% As a result,
for m = 0, the linear manifold defined by (14) can be decomposed into
invariant manifelds by giving definite values to the I,. In particular,
we shall be concerned heniceforth with the manifold defined by (14) and

Tw=y¢y (=12 ...,N), (19a) °
and with the other one for which , '
Iy = —y¢ vy=12 ...,N) (19b)

holds. Both manifolds are invariant under proper Lorentz transforma-
tions but go over into each other by reflections: they correspond physically
to right and left circular polarization.!®

Let us now again choose a partlcular momentum vector po in order to
define the little group. The covariant components of po shall be 0, 0, 1, 1.
The wave equations (14) then can be written, after multiplication with
7,3, in the form

v = (p=1,2 ..., N} . (20)

It is now advantageous to assume that the y3y* are diagonal, their diagonal
elements being 1, 1, —1, —1. Equation (20) then expresses the fact that,
y for the p, in question is different from zero only if all { have values corre--
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sponding to the first two rows of the y. Since the I' commute with the
v4y3 but are not identical with them, they may be also assumed to be
diagonal, with diagonal elements 1, —1,.1, —1. Hence, in the manifold
defined by (20) and (19a) all components of ¥ vanish (for p = po) unless
all ¢ have values corresponding to the first rows of the y: the manifold
(20), -(19a) is one dimensional for given p. The same holds for the mani-
fold defined by (20), (19b) except that in this case ¥(po; {1, - . ., {) differs
from zero only if all { have values corresponding to the second row of the +.
For given momentum, ¢ has only two independent compouents.

The infinitesimal operators of the little group are My, M1z — Mys, Mo —
M, which leave py invariant. The corresponding ]l;! give again zero if

applied to ¥ at p = po. The S corresponding to the second of the above
" operators (cf. (15), (15a)) is a sum of matriées Va(v,'v,2 + v'9.%. It
vanishes if applied to our ¥ as can be seen by applying v,1v,% to (20). The
same holds for My — My On the other hand, !/sv,',? gives /oy if:
applied to the ¥ of (20), (19a), and gives —!/s if applied to the ¥ of (20),
(19b). One sees this most easily by applying !/2v,'y,? to (20) and making
use of (19). Asaresult, My = =1/,Ny = =5y for the two manifolds in
question: these indeed belong to the representation 0 of the inhomogeneous
Lorentz group. . ,
The value of the invariant P is zero. The above also involves a cal-
culation of the w for the ¢ at p = po: we have w¥ = My = =5y, wy =
(M42 + Afza)lp = O, w2¢ = (A[al + Mu)\b = 0, - 'w“1// = M]Z\(’ = =‘=S¢ It
follows that the value of the second invariant W. = —(w*)? 4 (w!)? +
(w?)? +.(w?)? is also zero for all the manifolds Os; these cannot be charac-
terized by P and W. However, these manifolds can be characterized by
the equation P = 0 with the additional set

w, = spp and w, = —sp;, (21)

the + applying to (19a), the — to (19b). Both these equations are
invariant with respect. to proper Lorentz transformations. If reflections
are to be included, one can combine them into w,w; = s*pip:.

6. The Class O(E).—Here, the auxiliary variable is a space like four
vector £ of length /, orthogonal to p. The scalar function ¥(p, £) is de-
termined by the equations!!

Eovw = 0; gpkw = 0; gk = —, (22)
) pROV/O = —iE, (22a)
with a real positive constant E. By (22a), for every real number p,

V(p, £ + pp) = e *FY(p, ). (23)
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"The infinitesimal operators of displacément are the p,, those for rotations
are the M of (9) plus the
0

o) . o)
Su = 1(& 5 & 527) = i(5gy — £igw) ot (24)

In order to find the invariant scalar product, we introduce, for every
vector p on the light cone; two real space like vectors ™ (p) and u(”(p) of
length one, orthogonal to p and to each other, so that

wo®), g} =0, u?(@), u®P)} = ~b, (rs=1,2). (25
Then £ is a linear combination of p, u™(p), 4u(2’(p),

£ = ap + pu(p) + Bu(p), (26)

where o and the §8 are real. {{ £} = —1 implies 8> + B,° = 1, hence
B1 + i B2 = e ! with a suitable real angle 7. ¢ (p, §) is therefore a func-
“tion of p, a, T,

‘p(P’ E) = ¢(P! a, 7). 27

The choice of the #®(p) is, of course, not unique.  Let v®(p) be another
» system of vectors which satisfy (25). They may be expressed in the form
(26), i.e.,

. @) = kp + L @) (s =1,2).

_By (25), the matrix A, is orthogonal. In terms of the +®, £ = a'p +
> B’ (p), where 8/, = >, \yB.. In particular
r - s

B'r+ i =€"; ' = =(r+ N (28)

A depending on the \,. By (23), ]¢(p, a, -r){ = |¢(p, 0,7) |, and we define
the norm of ¥ by

W ¥) = S |op, 0, 7)|2d0dr. (29)

This expression is independent of the choice of the #®. In fact, let
o(p, a, 1) = ¢'(p, ', 7') where the primed variables refer to another set
9®. Then |¢(p, 0, 7)| = [¢'(p, @', 7')| = |6(p, 0, 7")]|, and |dr'/dr| =
To’prove the Lorentz invariance of (29) we proceed as follows: If a homo-
gexieous Lorentz transformation maps p on A~p, and £ on A, we may,
in particular, choose the #®(p) in the new system to be the transforms
of the original ones; then the coefficients «, 81, B in (26), and hence 7
remain unchanged, and the integral (29) is invariant.

If we choose as the basic vector again po with the components 0, 0, 1, 1
the infinitesimal operators of the little group are again My, My — M.
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My — My. The M parts of these g‘ive zero for p = po, the S parts of the
0 .

latter two are
. 0 o e )
- Su = —16 (ég E) + & — &) O—E;’ (30a)

o] 0
S — S = —1h (b_fa &) + 1(53 &) b_& (30b)

Because of (22a), the first term gives, if applied to ¥ at p = po just E&y
and Zf, respectively. The second terms vanish because of the second
equation of (22). Hence ¢ is not invariant under the ‘‘displacements”
M — My and My — My, in & space, and the sum of the squares of the
“momenta’’ is (£2 + £?2) 22 = E? because of the last equation of (22).
This is also the value of W, while P = 0. '

7. The class 0’ (£).—Since the discussion of this last case follows the
pattern of the preceding section we confine ourselves to stating the main
results. We introduce, in addition to the vector £ a discrete spin vari-
able ¢ which can assume four values. The wave equations become

Yob = 0; gipkd = 0; gUEEY = —¥. @31)

DrOY/0k, = —iEY (31a)

The parameters «a and 7 are introduced as before.' The norm is given by
W) = S 5 T |60, 0, 7)|*dpidpudpedsr. (32)

(Cf. (18a) and (29).) Again Wy = E%, Py =
It may be remarked that the scalar product has a simple positive def-
inite form in codrdinate space for these equations.!!

1 All the essential results of the present paper were obtained by the two authors inde-
pendently, but they decided to publish them jointly. )
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Proc. Roy. Soc. (London), A, 189, 372401 (1947); and Bargmann, V., Ann. Math., 48,
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group. These are representations also of the inhomogeneous Lorentz group. In the
quantum mechanical interpretation, however, all the states of the corresponding par-
ticles are invariant under translations and, in particular, independent of time. It in
very unlikely that these representations have immediate physical significance. Is
addition, the third paper contains a determination of those representations for which
the momentum vectors are space like. These are not considered in the present article
as they also are unlikely to have a simple physical interpretation.

¢ Lubanski, J. K., Physica, IX, 310-324 (1942). -
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" Dirac, P. A. M., Proc. Roy. Soc., A, 155, 447-459 (1936).

8 The literature on relativistic wave equations is very extensive. Besides the papers
quoted in reference 11, we only mention the book by de Broglie, L., Théorie générale des
particles 3 spin (Paris, 1943), and the following articles which give a systematic account
of the subject: Pauli, W., Rev. Mod. Phys., 13, 203-232 (1941); Bhabha, H. J., Rev.
Mod. Phys., 17, 203-209 (1945); Kramers, H. A., Belinfante, F. J., and Lubanski, J.
K., Physica, VIII, 597-627 (1941). In this paper, the sum of (14) over all » was postu-
lated; (14a) then has to be added as an independent equation (except for N =" 1).
Reference 11 uses these equations in the form given by Kramers, Belinfante and .Lu-
banski.

® One may derive this result in a more elegant way, without specializing the codrdinate
system. For the sake of brevity, we omit this derivation.

10 de Wet; J. S., Phys. Rev., 58, 236-242 (1940), in particular, p. 242.

' Wigner, E. P., Z. Physik, (1947).
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STEREOSCOPIC ACUITY FOR VARIOUS LEVELS OF ILLUMI-
' NATION*

By C. G. MUELLER AND V. V. LLOYD
PSYCHOLOGICAL LABORATOI‘{Y, CoLuMBIA UNIVERSITY
Communicated by C. H, Graham, March 5, 1948

Several experiments have demonstrated that the threshold for stereo-
scopic vision is influenced by certain important variables (see the review
by Graham?!), but little attention has been paid to the systematic explora-
tion of parameters (e.g., intensity and wave-length) which are known to
be important for other visual functions.? The present report gives data
on one of those variables, intensity of “‘white’” light, as it influences the
threshold for stereoscopic vision. ‘

Apparatus.—Two 300-watt Mazda bulbs are used as light sources, one
for each eye. The light sources are fastened to a movable wooden stand
which may be placed in either of two positions, thus allowing for a small
range of intensity variation. Additional adjustment of intensity may be
achieved by inserting filters of various densities in a holder adjacent to
the light source for each eye.

The two filter holders are attached to a pair of metal funnels, 4 inches
in diameter and 33/, inches in length; the funnels in turn are fastened to
the outer wall of the dark room in which the subject sits.

A piece of opal glass, fastened to the inner wall of the dark room and in
front of the funnels, diffuses the light from the two bulbs. A piece of
masonite, dontaining two holes of 3!/, inch diameter, is mounted in front
of the opal glass. These holes expose two photographic plates which are
fitted into slots in the masonite and on which the reticles of the two visual
fields are photographed. Both test fields contain three vertical reticle
marks, each with a width of 20 minutes and a height of two degrees of
visual angle. The reticle marks are equidistant from one another at a



